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A 1. Introducéo ao Processamento Digital de Sinal

§ 2. Representacio e Analise de Sinais

é 3. Estruturas e Projecto de Filtros FIR e IIR
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E 4. Processamento de Imagem

% 5. Processadores Digitais de Sinal
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Avaliacao:

A avaliagcdo € composta pela componente tedérica e componente pratica
ponderadas da seguinte forma:

Classificacdo Final = 80% * Frequéncia ou exame + 20% * Pratica

O acesso ao exame nao esta condicionado embora ndo tenha funcao de
melhoria, ou seja, se o aluno entregar a prova de exame, sera essa a
classificacado a utilizar no calculo da média final independentemente da nota
da prova de frequéncia obtida.

A avaliagao pratica € constituida por trabalhos laboratoriais a executar
em MATLAB

4
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2. Representacao e Analise de Sinais

* Analise de Fourier - Sumario
— Analise na Frequéncia: Uma ferramenta poderosa...
— Analise de Fourier - Ferramentas
— Série Continua de Fourier (FS)
— Série Discreta de Fourier (DFS)
— Exemplos

SISTEMAS DE PROCESSAMENTO DIGITAL

Manuel A. E. Baptista
Ernesto R. Afonso

5

Departamento de Informatica www.EEHT.ipv.pt

v""‘""‘"

2003-2004 f’fsr}‘
Analise de Fourier: Porqué?

B

e Fast & efficient insight on signal’s building blocks.
e Simplifies original problem - ex.: solving Part. Diff. Eqns. (PDE).
e Powerful & complementary to time domain analysis techniques.

e Several transforms in DSPing: Fourier, Laplace, z, etc.

SISTEMAS DE PROCESSAMENTO DIGITAL

General Transform as
> problem-solving tool
time, t frequency, f
s F
,s é  ~— _ S(t)’ S(f) :
; : s(t) S(f) = Fls()] [ Transform Pair }
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Analise de Fourier - Aplicacoes

Applications wide ranging and ever present in modern life
» Telecomms - GSM/cellular phones,
» Electronics/IT - most DSP-based applications,
» Entertainment - music, audio, multimedia,

 Accelerator control (tune measurement for beam steering/control),

SISTEMAS DE PROCESSAMENTO DIGITAL

* Imaging, image processing,

* Industry/research - X-ray spectrometry, chemical analysis (FT
spectrometry), PDE solution, radar design,

Medical - (PET scanner, CAT scans & MRI interpretation for sleep
disorder & heart malfunction diagnosis,
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Speech analysis (voice activated “devices”, biometry, ...).
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Analise de Fourier - ferramentas
Sinal de Entrada no Tempo Espectro de Frequéncia

T .
Periddico Eg  piscreto ok :%.Is(t).e—katdt
Continuo (periodo T) 0

T . +00 —jemft
A \ (\ ﬂ Aperiodico FT  Continuo s(f)=[__st)-e dt

SISTEMAS DE PROCESSAMENTO DIGITAL

3 : N—1 _.2mkn
. .o ( *% ~ 1 AN
ononon Periédico DFS Discreto Ck ‘ﬁnzos[”] e
2 U L W I W . , =
time, tg (perIOdO T)
Discreto _ _ —j2mfn
; I ‘ DTFT Continuo  SO- Zsinl-e”
g - ior Aperiodico i ok
wi PR E"-i ii *% _ 1N 1 =]
< time, ty \ DFT Discreto Ck = N z s[n] -e N
E n=0
g
Nota: j =V:1, = 24/T, s[n]=s(tn), N = No. of samples %% Calculado via FFT
A
)1
| il | | .
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Um pouco de historia ...

» Astronomic predictions by Babylonians/Egyptians likely via trigonometric sums.

» 1669: Newton stumbles upon light spectra (specter = ghost) but fails to recognise
“frequency” concept (corpuscular theory of light, & no waves).

> 18th century: two outstanding problems

SISTEMAS DE PROCESSAMENTO DIGITAL

— celestial bodies orbits: Lagrange, Euler & Clairaut approximate observation data with linear
combination of periodic functions; Clairaut,1754(!) first DFT formula.

— vibrating strings: Euler describes vibrating string motion by sinusoids (wave equation).
BUT peers’ consensus is that sum of sinusoids only represents smooth curves. Big blow to
utility of such sums for all but Fourier ...

» 1807: Fourier presents his work on heat conduction = Fourier analysis born.

— Diffusion equation < series (infinite) of sines & cosines. Strong criticism by peers blocks
publication. Work published, 1822 (“Theorie Analytique de la chaleur”).

Manuel A. E. Baptista
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Um pouco de historia ...(2)

> 19th [ 20th century: two paths for Fourier analysis - Continuo & Discreto.

CONTINUO

—  Fourier extends the analysis to arbitrary function (Fourier Transform).
— Dirichlet, Poisson, Riemann, Lebesgue address FS convergence.

—  Other FT variants born from varied needs (ex.: Short Time FT- speech analysis).

SISTEMAS DE PROCESSAMENTO DIGITAL

DISCRETO: Fast calculation methods (FFT)

— 1805- Gauss, first usage of FFT (manuscript in Latin went unnoticed!!!
Published 1866).

— 1965- BM'’s Cooley & Tukey “rediscover” FFT algorithm (“An algorithm for the machine
calculation of complex Fourier series”).

—  Other DFT variants for different applications (ex.: Warped DFT- filter design & signal
compression).

Manuel A. E. Baptista

—> FFT algorithm refined & modified for most computer platforms.
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Série de Fourier (FS)

A periodic function s(t) satisfying Dirichlet's conditions * can be expressed as a Fourier
series, with harmonically related sine/cosine terms.

oo ag, a, by : Fourier coefficients.
s(t)=ag + Y. [ak cos (kwt) —by -sin (kwt)] k: harmonic number,
k=1 For all t but discontinuities

T: period, o = 2n/T

SISTEMAS DE PROCESSAMENTO DIGITAL

s(t)dt (signal average over a period, i.e. DC term & zero-
freguency component.)

s(t) -cos(k wt)dt

1
(e
=~
Il

- |s(t)-sin(k wt)dt

Manuel A. E. Baptista
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* see next slide
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Série de Fourier (FS) - Convergéncia

~ Dirichlet conditions

-

=

)

a

o

=

= )

< (a) s(t) piecewise-continuous;

(7]

S Em qualquer (b) s(t) piecewise-monotonic;

a4

o eriodo:

a P (c) s(t) absolutely integrable , ﬂ s(t) | dt < oo

2\

= r T Taxa de Convergéncia

7 Exemplo: S M . . .

7 onda ! r if s(t) discontinuous then
quadrada : T lak|<M/k for large k (M>0)
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s Seérie de Fourier (FS) - Analise
O . 1.5 1 ¢
E  FS of odd* function: square wave. < 2n >
L = 1
= =
< [T=21 =>w=1]| @ o5
g 1T % 0 >
S a0 =5 Idt+ I =0 (zero average) z > . . 5 10 4
o 5 0.5 1
= ™ 2m 3
s, ak = 1 Icos kt dt — Icos ktdt =0 (funcao par) - -
< m 0 'IT 1.5 -
E .
LlI—J Ll 2m
% 2
»n bk = {J' sinkt dt - jsinktdt}:...:—-{1—coskn }=
T 0 o k-1

s(x)
ki Kk odd Par :
_ o s(-x) = s(x) >

E— 0 , keven
m
ui s(x)
<- é
s impar :
3 4 4 4
s sw(t) =—-sint+——-sin3-t+——-sin 5-t+...
g O = 3.1 5. S(-x) = -s(x)
13
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Série de Fourier (FS) — Analise (2)

A

Representagoes do

Espectro de Fourier 2, = (re , 6k)

rg = \/sz + bk2

~ 0k = arctan(by/ax)

b
s(t) = ka(t

ag

Rec‘ranqular' Polar
an N / N\
v, = a,cos(ok t) - b,sin(ok t)

V=T, cos (okt+6,)

A

SISTEMAS DE PROCESSAMENTO DIGITAL

A Mk
dk 4/Tl'_
rk = amplitude, 4/3m

. - - - = - - - > eK = fase I L >
g fi 2f, 3f, 4, 5f 6f f o oo 5 f
g A - +
¥ fik=k w/2m f, 3, 5f, f
<- »
E
S . R Fourier spectrum

= -m/2
fi 2f, 3f, 4f, 5f ef, f ) of square-wave. k

14
Departamento de Informatica www.EEipv.pt




2003-2004 !ff
Série de Fourier (FS) — Sintese

Square wave reconstruction
from spectral terms

SISTEMAS DE PROCESSAMENTO DIGITAL
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swgh—[incsind@®l] £
= @

s

Convergence may be slow (~1/k) - ideally need infinite terms.

Practically, series truncated when remainder below computer tolerance (= error).
BUT ... Gibbs’ Phenomenon.

Manuel A. E. Baptista
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Série de Fourier (FS) — Fenomeno - Gibbs

3

E

S

o

E 1.5

&

= Overshoot exist @ each ; ‘.., |

m " L] L] —

@ discontinuity g

o »n 0.5 1

o —

= e

A S 0

: o

% swrg(t) = Z[— bk -sm(kt)] g -0.5 -

= k=1 5 l’"

g -1 P, *
-1.5

0 2 4 6 8 10

» First observed by Michelson, 1898. Explained by Gibbs.

« Max overshoot p,-to-p, = 8.95% of discontinuity magnitude.
Just a minor annoyance.

* FS converges to (-1+1)/2 = 0 @ discontinuities, in this case.

Manuel A. E. Baptista
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G Seérie de Fourier (FS) — Deslocamento no tempo
o) :
= FS of even function: b P 2
= s
= n/2-advanced square-wave 5
% %os-
s ap=0 (média zero) @ ° . ] + F .
E 505
:5: 4 Kodd, k=1,5,09.. & -
< k-1T 1.5 4
= .ol 4 .
g —G kOdd, k=3, 7,11 r‘k .........
60 4/n
0 , keven. N
.@Q\\\ 4/3n I

; bk =0 (fungdo par) ¢ o , £ 3f, 5¢, 71 f=

: .

<

= )

2 «& L% >

| f1 3f, 5f, 76 f
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G Série de Fourier (FS) - Complexa
2 Euler's notation:
E Gt (mit\* — . ” el 1o it . elt gt
3 elt= (el)" = cos(t) - jsin(t)  |nmm——|pphasOr cos(t) =———— sin() T2
i T
1\\ 1
g & ckz?-'[s(t)-e Jkwigy
(W]
e | 0 Complex form of FS (Laplace 1782). Harmonics ck
% - ® ~ < separated by Af = 1/T on frequency plot.
~ O jkwt
7z 2 s(t)= > ck-e
=—00

i0
z=rel

| e/ rofa® b

0 = arctan(b/a)
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Série de Fourier (FS) - Propriedades

|
E
=
(m)]
C,E> Tempo Frequéncia
:ﬁ: Homogeneidade a-s(t) a-S(k)
)
[%2]
g Aditividade s(t) + u(t) S(K)*+U(K)
oo
é Linearidade a-s(t) + b-u(t) a-S(k)+b-U(k)
<
>
E Inversdo em t s(-t) S(-k)
(7 ©
Multiplicagdo s_Igt)-u(t) > S(k —m)U(m)
m=—o0
1 _ - -

M Convolugio = [st-t)-u(ydt S(k)-U(k)

H 0 n

@ n 21 k-t

ui s(t—t -j

Y Deslocamento em t =9 e T .Sk

3 N 21T m t

¥ Deslocamentoemf ¢ T -s(t) S(k - m)
Departamento de Informatica www.m.ip\.::tt
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Série de Fourier (FS) - “singularidades”

(ro

ourier components {uk} form orthonormal base of signal space:

Base ortonormal

7%
\
T *
Uk ®up, =Iuk “Upy, dt
(0]

uk = (1NT) exp(jkwt) (k| = 0,1 2, ...+0) Def.: Internal product ®:

Uk ® Um = 8km (1 if k = m, O otherwise). (Remember (elt)* = eit)

Then cx = (1/NT) s(t) ® uk i.e. (1/NT) times projection of signal s(t) on component uy

SISTEMAS DE PROCESSAMENTO DIGITAL

J
3
u \

wk = kw, ¢k =wit, phasor turns antt dockwise.

Frequéncias negativas & Inversdo no Tempo

= .- 2 D12, .4,

k
Negative k = phasor turns clockwise (negative phase ¢ ), equivalent to negative time t,

= time reversal.

Manuel A. E. Baptista
Ernesto R. Afonso

Cuidado: phases important when combining several signals! /

20
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Série de Fourier (FS) - energia
T
W= = [|st) 2 dt = s(t) @ s(t)

Energia Média W : %

Teorema de Parseval « FS convergence ~1/k

1% > 5 = lower frequency terms
> Z ( ak“ +bg

e 2.2
W = Z|ck| =apg< +
k=—o0 k=1

)

Wk = |ck|? carry most power.

* Wk vs. wg: Power density spectrum.

Exemplo

SISTEMAS DE PROCESSAMENTO DIGITAL

2 doo. WW, \
Trem de Impulsos, duty cycle 6 =2 T S
o /T 107 % Wi = 2 Wo sync?(k 3)
s(t 21 i \
27 o T - N T f%? .
\
- IR TN
:‘é_ : I | I @ ¢ \ ;{ <
m_ 10'3 | , 1 I | 1 | I ? 4 N \<)|k.f
< t 0 50 100 150 200
g bk=0 aO=68MAX W = 83 2 00
g 0= (® Suax) W=Wp {1+ 3 —k
ak = 20Syax Sync(k d) sync(u) = sin(x u)/(m u) K1 Wo J
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Série de Fourier (FS) - Formas de ondas mais importantes

<
=
=
o
@)
=
Z
Ll
E Wave Shape Fourier Series -- w, = 27/T Wave Shape Fourier Serles -- w, = 27/T
A Square Wave |
i - v - T =142 cosant + 2 cos 20
_a 1 1 s
| | X(t)= = (c0s w.t— = cos 3wt + ~cos 5w \ / /\ / 2 2
8 —' |—:| |— . ™ 3 5 008 St \ L - & cosdut+ 2 cos bt ..
5 LITLLL L ‘ A :
I-éJ ‘T.I -y —gcosTwd+...) N "'{_"wﬂﬁm newol. .. )
g&) «T n even
s Triangular Wave Full-Wave Reclifier .2 2
I'll_J v - v X ) x(t)= - (1+3m %.Ifﬁcos Aw,t
2} / \ / AN x(t)=8Y (cos wat + L cos 3wt “\/\/ \/W\/' 2
7 = . p 9 / \ t +35cosﬁm,l =
\/ 1 ° NS a2
D +Ecm5w.t+...} \ .,.(-1)“‘”n=_1cmnw.t,..}
T ¥ n even
a Sawtooth \Vﬂ._ ly Pulse Train | X v |1I.,h| x(1)=V[k +%{nlr|lur €08 w,t
7} - B -
= - - ril 1 1
§ ] e X(t)= 27 (sin @t 5 sin 20,8 + 3 sin 3t _I |_:| | | o +%.|,m,mam $.
0
w / —llhhnl+...] . 4 Lsinnkr cos nwdt +..0
< +-v 4 «—T n
E T 175416 k=1/T k=1J/T
f=
©
=
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Band-limited signal s[n], period = N.

DFS definida como:
I .e
(\“b\\% ’ N-1 —j 21kn
? Ck== ) sInl-e N
| N
n=0

SISTEMAS DE PROCESSAMENTO DIGITAL

Nota: c,,\ = cx & mesmo periodo N
i.e. time periodicity propagates to frequencies!

s g

-:E;_ é\({\e N_1~ J2'|'|'kn
& sinj= > ¢k-e N
< k=0

g

Série de Fourier Discreta (DFS)

DFS generate periodic ¢, with

same signal period

| Ortogonalidade nas DFS:

N—1 J.2Tr n(k -m)

%Z e N =8km
n=0

Kronecke

r's delta

N consecutive samples of s[n] completely
describes in time or frequency domains.

23
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DFS duma onda quadrada
discreta de amplitude 1V

s[n]: periodo N, duty factor L/N

L k=0,+N,£2N,...

SISTEMAS DE PROCESSAMENTO DIGITAL

(9]
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Il
|
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N
=
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=}
—
3
=~
fa
N

, otherwise

Compare to continuous rectangular function!!!

Manuel A. E. Baptista

Discrete signals = periodic frequency spectra.

Série de Fourier Discreta (DFS) - Analise

s[n]
1

-5 0123456782910 n

N

(4
& 1
Q :

o Ok 0.47

-0.4n

24
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E
O
(m)]
o Tempo
&
z Homogeneidade a-s[n]
9
O
£ Aditividade s[n] + u[n]
T8}
()]
2 Linearidade a-s[n] + b-u[n]
=
&
»  Multiplicacao s[n] -u[n]
N-1
Convolugio > s[m] -uln —m]
g m=0
ﬁ § Deslocamento em t s[n - m]
< K
H Des toemf oo
< Deslocamento em . T s

Série de Fourier Discreta (DFS) - Propriedade%

Frequéncia
a-S(k)
S(k)+U(k)
a-S(k)+b-U(k)

1 N-1
—- > S(h)U(k -h)
N h=0

)

25
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e Q[tn]
Aﬂ'ii: -
N ?

DIGITAL DOWN
CONVERTER ~—

@) ":"l“" * -Sin[(,OLo 'I'n]
@

Manuel A. E. Baptista

Série de Fourier Discreta (DFS) — Analise: DDC + ...

s(t) periodic with period Tregy (ex: particle bunch in “racetrack” accelerator)

0 f

(2) Iith 1+j Qlty ] = s[ty ] e Lot

[ty 1+j Qlty ] p=1,2.. Nt , Ng/ N = decimation. (Down-converted to baseband).

>
>

T I[tp]: "In-phase”
1) " LPF >
| ADC (2) & (3) TO DSP
s (£ .y DECIMATION "~ (next slide)
N=Ns/Ne Q[tp): "Quadrature”

26
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... + DSP

OLo = WREV ®Lo= 2 orev [l ®oLo = 3 orey

<
=
)
o
o)
|_
Z
=
% N Y th di -
0 DDCs with different f, 5 yield more DFS components
O
o DSP
o
A K_ Exemplo: Real-life DDC \
%}
‘E’: harmonic 1  harmonic 2 harmonic 3 COMPLEX MIXER
| Parallel  fg fs/N I
& - : digital - —— Low Pass | >
&% Coeficientes de Fourier a ., b . nput - FILTER
(DECIMATION) —»q
8 1 Np 1 N1
3 2k* “NT b Pk*= “NT 2. Qp Clock TUNABLE LOCAL
i p=1 p=1 from —» OSCILLATOR
< ADC (DIRECT DIGITAL SYNTHESIZER)
T .. .
2 Harmonico kK* = o o/ogey 4
=
\ frg:tr:::(lzy Decimation factor N j
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